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Introduction and Motivation

Compressive sensing - vector case

e D cR™" xeR" xsparse, hb=dx e R™, m<kn
@ Goal: Reconstruct x from ® and b

@ (p-minimization (non-convex optimization problem)

min ||z, such that ®z =b (NP-hard)

zeR

where
[x[lg = #{i : [xi| # 0}.

@ (1-minimization (convex optimization problem)

min ||z[|; such that ®z = b.
zeR

@ Gaussian matrix: with high probability all s-sparse vectors can
be reconstructed provided m > CslIn(n/s).
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Introduction and Motivation

Compressive sensing - matrix case

o d RMXMm L RM X eRM™M ™ b=dd(X)ecR™ Xis of low
rank, m < nynp

@ Goal: Reconstruct X from ® and b

@ non-convex optimization problem

min rank (Z) such that ®(Z) = b. (NP-hard)
ZGRHIXHZ

@ nuclear norm minimization (convex optimization problem)

min ||Z||, such that ®(Z) = b,
ZeRann2

where ||Z]|, Za, = |lo (Z)|l,, oi are singular values of Z.

@ Gaussian map: W|th high probability all r-rank matrices can
be reconstructed provided m > Cpr max {n1, n2}.
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Introduction and Motivation

Compressive sensing - tensor case

o & RMmXMxxnd _, RM X ¢ RMxmxxnd ph = ¢ (X) € R™,
m<& niny---ng, X of low rank

Goal: Reconstruct X from ® and b

non-convex optimization problem

min rank (Z) such that ® (Z) = b. (NP-hard)

ZeRnlanXand

@ convex optimization problem

min ||Z|| such that ®(Z) = b.
d

ZeRnlanXan

What is a tensor rank?

What norm should we use?

The number of measurements for recovery?
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Introduction and Motivation

@ Tensor of order d: X € RM*MmXXnd
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Introduction and Motivation

@ Tensor of order d: X € RMXmx-xXng
@ X ¢ RmxmX=Xnd ig 3 rank one tensor:
du; e R up; e R™, ..., uy € R™ s.t,

X=uRu® - -Qug, ie., X (il, Iy..., id) = u; (il) us (i2) s Uy (id) .

Definition (Tensor rank)

The rank of a tensor X € R"M*M2XXNd g the smallest number of
rank one tensors that sum up to X.
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Introduction and Motivation

@ Tensor of order d: X € RMXmx-xXng
@ X ¢ RmxmX=Xnd ig 3 rank one tensor:
dJu; eR™M up e R ..., uy € R s.t.

X=uRu® - -Qug, ie., X (il, Iy..., id) = u; (il) us (i2) s Uy (id) .

Definition (Tensor rank)

The rank of a tensor X € R"M*M2XXNd g the smallest number of
rank one tensors that sum up to X.

@ The set of rank-r tensors is not closed.
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Introduction and Motivation

@ Tensor of order d: X € RMXmx-xXng
@ X ¢ RmxmX=Xnd ig 3 rank one tensor:
dJu; eR™M up e R ..., uy € R s.t.

X=uRu® - -Qug, ie., X (il, Iy..., id) = u; (il) us (i2) s Uy (id) .

Definition (Tensor rank)

The rank of a tensor X € R"M*M2XXNd g the smallest number of
rank one tensors that sum up to X.

@ The set of rank-r tensors is not closed.
@ Determining the rank of a tensor is NP-hard in general.
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Introduction and Motivation

@ Tensor of order d: X € RMXmx-xXng
@ X ¢ RmxmX=Xnd ig 3 rank one tensor:

dJu; eR™M up e R ..., uy € R s.t.

X=uRu® - -Qug, ie., X (il, Iy..., id) = u; (il) us (i2) s Uy (id) .

Definition (Tensor rank)
The rank of a tensor X € R"M*M2XXNd g the smallest number of
rank one tensors that sum up to X.

@ The set of rank-r tensors is not closed.
@ Determining the rank of a tensor is NP-hard in general.
@ Nuclear tensor norm: analog of matrix nuclear/trace norm

r r
IXIL =inf{ > el : X =Y b @uf @ @ u,
k=1 k=1
reN |ull, = 1€ [d, kel }.

Rauhut,Stojanac Tensor theta norms 6/34



Introduction and Motivation

@ Tensor of order d: X € RMXmx-xXng
@ X ¢ RmxmX=Xnd ig 3 rank one tensor:
dJu; eR™M up e R ..., uy € R s.t.

X=uRu® - -Qug, ie., X (il, Iy..., id) = u; (il) us (i2) s Uy (id) .

Definition (Tensor rank)

The rank of a tensor X € R"M*M2XXNd g the smallest number of
rank one tensors that sum up to X.

@ The set of rank-r tensors is not closed.
@ Determining the rank of a tensor is NP-hard in general.
@ Nuclear tensor norm: (NP-hard)

r r
IXIL =inf{ > lel : X =Y b @ uf @ @ u,
k=1 k=1
reN |ull, = 1€ [d kel }.
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Introduction and Motivation

Relaxation

Proposition (1)
X = x* is the unique optimal
solution of

X = argmin||x|| s.t. b = ®x
X

if and only if
ker (®) N7 (x*) = {0} .

e Tangent cone: T (x) = cone(z —x: ||z|]| < ||x]])

V. Chandrasekaran, B. Recht, P. A. Parrilo, A. S. Willsky: The Convex
Geometry of Linear Inverse Problems, 2012.
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Theta bodies

Convex relaxation via real algebraic geometry

e R[x]: set of all polynomials in variables x, x2, ..., X,

o / ideal in R[x]

e R[x], : set of polynomials in R [x] of degree at most k
o real variety: vp (1) ={x € R":f(x) =0, forall f €/}
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Theta bodies

Convex relaxation via real algebraic geometry

X1 X12>
X =
<X21 X22
e R[x]: set of all polynomials in variables Xi1, Xi2, Xo1, X22
o / ideal in R[x]

e R[x], : set of polynomials in R [x] of degree at most k
o real variety: vp (/) ={x € R": f(x) =0, forall f €/}
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Theta bodies

Central Problem in optimization
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Theta bodies

Central Problem in optimization

@ maxx (c,x) st.xeS
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Theta bodies

Central Problem in optimization

@ maxy (€,x) s.t. x €S & maxg(c,x) s.t. x € conv (S)
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Theta bodies

Central Problem in optimization

@ maxy (C,x) st. xE€S & maxg(c,Xx) s.t. x € conv (S)
@ Linear programming: S = {x : Ax < b}

Rauhut,Stojanac Tensor theta norms 9/34



Theta bodies

Central Problem in optimization

@ maxy (€,x) s.t. x €S & maxg(c,x) s.t. x € conv (S)
e S=wp(l)={xeR":f(x)=0,Yfel}
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Theta bodies

Central Problem in optimization

@ maxy (€,x) s.t. x €S & maxg(c,x) s.t. x € conv (S)
e S=wp(l)={xeR":f(x)=0,Yfel}
o conv (vr (1)) = {x e R": £(x) >0, V/ affine s.t. £ |,,,(;y> 0}
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Theta bodies

Central Problem in optimization

° maxy (C,x) st.x€S &  max(c,x) s.t. x € conv (S)
e S=wp(l)={xeR":f(x)=0,Yfel}

o conv (vr (1)) = {x € R": £(x) > 0, V/ affine s.t. Clyen> 0}
@ Idea: relax condition “m@ >0
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Theta bodies

Central Problem in optimization

° maxy (C,x) st.x€S &  max(c,x) s.t. x € conv (S)
e S=wp(l)={xeR":f(x)=0,Yfel}

o conv (vr (1)) = {x € R": £(x) > 0, V/ affine s.t. Clyen> 0}
@ Idea: relax condition “m@ >0

(x) =) M) +g(x), heRlx.gel
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Theta bodies

e Idea: relax condition / [, ()= 0
t
()= M (x)+g(x), hecRx,gel
i=1
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Theta bodies

e Idea: relax condition / [, ()= 0

t

(x)=) h(x)+g(x), heRx.gel
i=1

@ Lassere’s method
m
deg(h) <k, g(x) =) g (x)fi(x),
i=1

| = <f177fm>7ngJ- ER[X]ZI(
(¢ is k-sos mod {f, o, ..., Tm})
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Theta bodies

e Idea: relax condition / [, ()= 0
t
()= M (x)+g(x), hecRx,gel
i=1

@ Lassere’s method
m
deg(h) <k, g(x) =) g (x)fi(x),
i=1

| = <f177fm>7ngJ- ER[X]ZI(
(¢ is k-sos mod {f, o, ..., Tm})

@ Theta bodies
deg (hj) < k,gel (l/is k-sos mod I)
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Theta bodies

e Idea: relax condition / [, ()= 0
t
()= M (x)+g(x), hecRx,gel
i=1

@ Lassere’s method
m
, &) => g fi(x),
i=1

| = <f177fm>7ngJ- ER[X]ZI(
(¢ is k-sos mod {f, o, ..., Tm})

@ Theta bodies
,g €l (lis k-sos mod I)
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Theta bodies

Theta bodies

Definition (Theta Body)

Let / C R[x] be an ideal. For a positive integer k, the k-th theta
body of an ideal / is

THi (1) :={x € R": f(x) > 0 for every f affine and k-sos mod /} |

@ THi (/) D2 THx (/) 2 --- D conv(vr (1))

@ closed, convex sets
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Theta bodies

Theta bodies

Definition (Theta Body)

Let / C R[x] be an ideal. For a positive integer k, the k-th theta
body of an ideal / is

THi (1) :={x € R": f(x) > 0 for every f affine and k-sos mod /} |

@ THi (/) D2 THx (/) 2 --- D conv(vr (1))
@ closed, convex sets

@ ldea: define an ideal [ s.t.

vg (1) = {all rank-one, Frobenius norm-one tensors} .
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Theta bodies

Theta bodies

Definition (Theta Body)

Let / C R[x] be an ideal. For a positive integer k, the k-th theta
body of an ideal / is

THi (1) :={x € R": f(x) > 0 for every f affine and k-sos mod /} |

@ THi (/) D2 THx (/) 2 --- D conv(vr (1))
@ closed, convex sets

@ ldea: define an ideal [ s.t.

vg (1) = {all rank-one, Frobenius norm-one (2 x 2)-matrices} .
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Theta bodies

Theta bodies

Definition (Theta Body)

Let / C R[x] be an ideal. For a positive integer k, the k-th theta
body of an ideal / is

THi (1) :={x € R": f(x) > 0 for every f affine and k-sos mod /} |

@ THi (/) D2 THx (/) 2 --- D conv(vr (1))
@ closed, convex sets

@ ldea: define an ideal [ s.t.

vg (1) = {all rank-one, Frobenius norm-one (2 x 2)-matrices} .

° BH.”@1 =THy1 (/) = [ X[y, = {infet s.t. X € t THy (/)}
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Theta bodies

Computation of THy (/)

Definition (Theta Body)

Let / C R[x] be an ideal. For a positive integer k, the k-th theta
body of an ideal / is

THi (1) :={x € R": f(x) > 0 for every f affine and k-sos mod /} |

o difficult to compute the theta body directly from the definition
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Theta bodies

Computation of THy (/)

Definition (Theta Body)

Let / C R[x] be an ideal. For a positive integer k, the k-th theta
body of an ideal / is

THi (1) == {x € R" : f(x) > 0 for every f affine and k-sos mod /} .

o difficult to compute the theta body directly from the definition

@ alternative approach relies on computing a Groebner basis for
the ideal and results in semidefinite program for

o computing f1-norm: [|X[|, , for all X € R™M>"2x"s
e low rank tensor recovery:

min [|Z[[,, st ®(Z)=b

ZERM X2 Xn3
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Theta bodies

Computation of THy (/)

Definition (Theta Body)

Let / C R[x] be an ideal. For a positive integer k, the k-th theta
body of an ideal / is

THi (1) == {x € R" : f(x) > 0 for every f affine and k-sos mod /} .

o difficult to compute the theta body directly from the definition

@ alternative approach relies on computing a Groebner basis for
the ideal and results in semidefinite program for

e computing 61-norm: [|X||, , for all X € R**?
o low rank tensor recovery:

Jmin 2], st ®(Z)=b
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Theta bodies

2 X 2-matrices

@ ldea: define an ideal [ s.t.

vg (1) = {all rank-one, Frobenius norm-one (2 x 2)-matrices} .
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Theta bodies

2 X 2-matrices

@ ldea: define an ideal [ s.t.

vg (1) = {all rank-one, Frobenius norm-one (2 x 2)-matrices} .

@ A matrix X € R2%2 js a rank-one, Frobenius norm-one matrix
iff

Xo1X12 — X11X2 =0, X{ +XH+X5H + X5 =1
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Theta bodies

2 X 2-matrices

@ ldea: define an ideal [ s.t.

vg (1) = {all rank-one, Frobenius norm-one (2 x 2)-matrices} .

@ A matrix X € R?*2 js a rank-one, Frobenius norm-one matrix
iff

Xo1 X2 — XuXoo =0, X{ + X5+ X3 + X5, =1

°o /= {g ~(Xo1X12 — X11X22) + h- (Z?:l Zle X7 — 1) :
g, heR[x] }
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Theta bodies

2 X 2-matrices

@ ldea: define an ideal [ s.t.

vg (1) = {all rank-one, Frobenius norm-one (2 x 2)-matrices} .

@ A matrix X € R2%2 js a rank-one, Frobenius norm-one matrix
iff

Xo1X12 — X11X2 =0, X{ +XH+X5H + X5 =1

o | = (Xo1X12 — Xu1 Xz, Xy + X{p + X5 + X5 — 1)
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Theta bodies

@ X >,eiex XP if || > |B] or |a| = |B| and the right-most
nonzero entry of a — 3 € Z%; is negative.
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Theta bodies

@ X >,eiex XP if || > |B] or |a| = |B| and the right-most
nonzero entry of a — 3 € ZZ, is negative.

Definition (Groebner basis)

Fix a monomial order. A basis G = {g1,42,...,8s} of a
polynomial ideal / C R [x] is a Groebner basis (or standard basis) if
for all f € R[x] there exist unique r € R[x] and g € / s.t.

f=g+r

and no monomial of r is divisible by any of the leading monomials
in G.
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Theta bodies

Computation of THy (/)
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Theta bodies

Computation of THy (/)

@ Define vy (/) and a corresponding ideal /.
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Theta bodies

Computation of THy (/)

@ /= (XioXo1 — X1 X, XPy + XP, + X5, + X5, — 1)
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Theta bodies

Computation of THy (/)

@ /= (XioXo1 — Xua X, XP + Xio + X3, + X5, — 1)
@ Find a Groebner basis for the ideal / (with respect to some
monomial ordering).
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Theta bodies

Computation of THy (/)

@ /= (XioXo1 — Xua X, XPy + XPo + X5 + X5, — 1) .
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Theta bodies

Computation of THy (/)

@ /= (XoXo1 — XuaXop, Xy + XP + X3, + X5, — 1) .

@ Finda O-basis B=B,UBU...={f”p+1,+1,...} of
R [x] /I, where

o Bi={1+05Lxx+1,....x,+ 1}
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Theta bodies

Computation of THy (/)

@ /= (XioXor — Xt Xoo, X3 + XH + XH + X5 — 1) .

@ Finda O-basis B=B;UBU...={f”p+1,+1,...} of
R [x] /I, where
o Bi={1+1, X+ 1, Xo+1,X01+1, X0+ 1}

Rauhut,Stojanac Tensor theta norms 15/34



Theta bodies

Computation of THy (/)

@ /= (XioXo1 — XunXop, X7y + XP + X5, + X5 — 1) .
@ Finda6-basis B=B1UBU...={fo+1,A+1,...} of
R [x] /I, where

o Bi={1+/Xu+ /1, Xo+ 1, X0+, X+ 1}
o if deg (fi + 1), deg(fi + 1) < k = f;f; + | is in the R-span of
Bok
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Theta bodies

Computation of THy (/)

@ /= (Xi2Xo1 — X1 Xoo, XZ + X5 + X3, + X5 — 1) .
@ Find a O-basis B=B,UBU...={f”p+1,1+1,...} of
R [x] /I, where
o Bi={1+1 X+ 1, Xo+1, X0+ 1, X0+ 1}
o if deg(f; + 1), deg (fi + 1) < k = f;f; + | is in the R-span of
Bok
o XZ4+1l=—(XZ+1)—(XHZ+1)—(XH+1)+(1+1)
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Theta bodies

Computation of THy (/)

@ /= (XioXor — Xt Xoo, X3 + XH + XH + X5 — 1) .
@ Finda O-basis B=B;UBU...={f”p+1,+1,...} of
R [x] /I, where
o Bi={1+1, X+ 1, Xo+1,X01+1, X0+ 1}

By = BiU{X% + 1,X5 + 1, X5 + |, XuuXea + 1,
X11Xo1 + 1, X11Xo + [, XioXop + 1, X1 X2 + 1}
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Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).
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Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).

° [x];k = {all elements of By in order}
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Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).
° [X]; =1+, X+ 1L, X+ 1, X0+ 1, Xon + 1]
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Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).
° [X]g1 =[14+1LX1+ 1, Xio+ 1, X010 + 1, X2 + ]
T
o Xp, = [xg][x5]" = [Xgl;; = fifit! = X 1epy, My (i+1)
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Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).
o [Xlj, =1+ 1, Xu1 + 1, Xio + 1, Xo1 + 1, Xoo + ]
o X5, = [x5,][x5,]" = [X5,l;; = fifitl = X rem, My (fi+1)

1+ Xi1+/ X2+ Xo1+1 Xoo+1
X2+ Xu X+l XuXor+! XpnXop+!

Xp, = Xh+1 XopXo+ XppXoo+!
X2+ XoXoot!
X241
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Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).
o [Xlj, =1+ 1, Xu1 + 1, Xio + 1, Xo1 + 1, Xoo + ]
o X5, = [x5,][x5,]" = [X5,l;; = fifitl = X rem, My (fi+1)

1 X1 X2 X1 X22
X2 XX XuuXa XX

Xp, = X2, XppXor Xi2Xoo
X2 XoXx
X3,

Rauhut,Stojanac Tensor theta norms 16 /34



Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).
° [X]g1 =[14+1LX1+ 1, Xio+ 1, X010 + 1, X2 + ]
T
o Xp, = [xg][x5]" = [Xgl;; = fifit! = X 1epy, My (i+1)

1 X X2 Xo1 X2
X2 XuXia Xi1Xor XXz

Xp, = X2, XppXo1 Xi2Xo2
X3 XX
X3,
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Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).
° [X]g1 =[14+1LX1+ 1, Xio+ 1, X010 + 1, X2 + ]
T
o Xp, = [xg][x5]" = [Xgl;; = fifit! = X 1epy, My (i+1)

XP+1=—X5H - X3 - X5 +1+1
1\X11 Xi2 Xa1 X2
X2 XuXia Xi1Xor XXz

Xp, = X2, XppXo1 Xi2Xo2
X3 XX
X3,
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Theta bodies

Computation of THy (/)

@ Compute a combinatorial moment matrix Mg, (X,y).
° [X]g1 =[14+1LX1+ 1, Xio+ 1, X010 + 1, X2 + ]
T
o Xp, = [xg][x5]" = [Xgl;; = fifit! = X 1epy, My (i+1)

XP+1=—X5H - X3 - X5 +1+1
1\X11 Xi2 Xa1 X2
X2 XuXia Xi1Xor XXz

Xp, = X12Xo1  X12X22
X3 XX
X3,
X12Xo1 + | = X1 Xo0 + 1
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Theta bodies

Computation of THy (/)

1 X1 X12 Xo1 X22
—XZH —XH —XH+1 XuXie XuXo XX
Xp, = X5 XX XX
X3 XoiXoo

X3

@ [Xgli; =fifi+1=2 ¢ 1ep, M (fi+1)
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Theta bodies

Computation of THy (/)

1 X1 X12 Xo1 X22
—XZH —XH —XH+1 XuXie XuXo XiiXoo
Xp, = X5 XX Xi2Xo2
X3 XoiXoo

X3

@ Mg, (Y)]i,j = Zf,+/esz )\AJ'YI
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Theta bodies

Computation of THy (/)

1 X1 X12 Xo1 X22
—XZH —XH —XH+1 XuXie XuXo XiiXoo
Xp, = X5 XX Xi2Xo2
X3 XoiXoo

X3

@ Mg, (Y)]i,j = Zf,+/esz )\AJ'YI
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Theta bodies

Computation of THy (/)

X12 Xo1 X22
1 XX XuuXor XiiXa
X5 XuXor XioXao
X3 XoiXoo

X3

@ [Xgl;; ="fifi+1=2 5 /cB, )‘;J(ﬁ +1)
@ [Mg, (Y)]i,j = Zf,+/eg2k )\;J)/I
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Theta bodies

Computation of THy (/)

X12 Xo1 X22
1 XX XuuXor XiiXa
X5 XuXor XioXao
X3 XoiXoo

X3

@ [Xgl;; ="fifi+1=2 5 /cB, )‘;J(ﬁ +1)
@ [Mg, (Y)]i,j = Zf,+/eg2k )\;J)/I
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Theta bodies

Computation of THy (/)

X12 Xo1 X22
1 XuXi XuiXor XiiXa
XH  XuXor XioXa
X3 XoiXoo

X3

@ [Xgl;; ="fifi+1=2 5 /cB, )‘;J(ﬁ +1)
@ [Mg, (Y)]i,j = Zf,+/eg2k )\;J)/I
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Theta bodies

Computation of THy (/)

@ [Xgl;;="fifi+1=2 5 /cn, )‘;J(ﬁ +1)
@ Mg, (Y)]i,j = Zf,+/eg2k )\;J)/I
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Theta bodies

Computation of THy (/)

@ [Xgl;; ="fifi+1=2 5 /cB, )‘;J(ﬁ +1)

¥3
Q [MBk (Y)]i,j = Zf/-HEsz )\;JyI
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Theta bodies

Computation of THy (/)
Yo 71 Y2

xxlz \le X22
11X12 X11Xo1 X11 X2
y4/X122 X11 X0 X12X22

X2\ Xo1 X

5

—

@ [Xgli; =fifi+1= ¢ 1ep, Mj(fi+1)
@ Mg, (X7Y)],',_,' = Zf,+/eB2k )\ﬁ,j)//
] QB;( (/) = TX {(ny) S RB2« - MBk (va) =0,y = 1}

Y3
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Theta bodies

Computation of THy (/)
Yo 71 Y2

xxlz \le X22
11X12 X11Xo1 X11 X2

y4/X122 X11 X202  X12X22
X221 Xo1 X
2

—

o [XBk]i,j =fifi+1 =3¢ 1c8, Af,j(fl +1)

@ Mg, (X,Y)];J = Zﬁ+leB2k )\ﬁ,j)//

@ Qs (/) =mx {(X,y) e RP*: Mg, (X,y) = 0,0 = 1}
Theorem (Gouveia et al., 2010)

THk (1) = @B, (1)

Y3
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Theta bodies

Computation of THy (/)
Yo y1 Y2

xxlz \le X22
11X12 X11Xo1 X11 X2

y4/X122 XuXpe XX
X221 Xo1 X
2

—

o [XBk]i,j =fifi+1 =3¢ 1c8, Af,j(fl +1)

@ Mg, (X,Y)];J = Zﬁ+leB2k )\ﬁ,j)//

@ Qs (/) =mx {(X,y) e RP*: Mg, (X,y) = 0,0 = 1}
Theorem (Gouveia et al., 2010)

THk (1) = @B, (1)

@ B, =THi (/)= [X|lp, = {infe t s.t. X € t THy (/)}

Y3
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Theta bodies

Semidefinite program

e Given the moment matrix Mg, (X,y) computing the #;-norm
of a given matrix X is equivalent to the semidefinite program

mint subject to Mg, (X,y) =0,y =t.
y

@ Recovery problem: the 6,-norm minimization is equivalent to
the semidefinite program

mizn t subjectto Mg, (Z,y) = 0,yo=t and @(Z)=b.
y7
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Theta bodies

@ A semidefinite program for computing the norm of a matrix

X € R?*%:
t Xi1 X2 Xo1 X2
X1 —ya—Ye—Yys+t y1i  y2 y3
|tn;c t st X12 %! va y3 ys | =0
’ X1 y2 yi Yo Y7
X22 ¥3 Ys Y1 ¥8

Moment matrix

@ 3 X 3 x 3 - minimization over 216 variables (0.3705 s)
@ 4 X 4 x 4 - minimization over 1000 variables (7.2818 s)
@ 5 x 5 x 5 - minimization over 3375 variables (138.904 s)

@ 6 X 6 X 6 - minimization over 9261 variables
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Theta bodies

Matrix case

o g (Iv) ={X e R"*™ :rank (X) = 1, ||X||f = 1}.

m m

=03 gy (XaXig — XgX) +h- [ D) O XF -1

i<k j<l i=1 j=1
- 8ijkl he IR[)<11> cee 7Xn1n2]}

Theorem (Rauhut, S., 2015)

For the ideal Iy, B||‘H* = B“‘Hel'
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Theta bodies

Basis for the ideal |

First suggestion for defining an ideal / 1
@ Arankonetensor X: X=u®v®w
o vp(l)={(X,u,v,w): f(X,u,v,w) =0, forall fel}

e {rank one, Frobenius norm one tensors}
={X: (X,u,v,w) € vg (/)}

B: :{g'jk = Xijjk — ujvjwy, i € [m],j € [n2] , k € [n3],

hl:Zu,-z—l,hz:Z\/J-z—l,h3:ZW£—]_,
i k

J
g% hy by, hs € R[x,u,v,w]}

V. Chandrasekaran, B. Recht, P. A. Parrilo, A. S. Willsky: The Convex
Geometry of Linear Inverse Problems, 2012.
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Tensor theta norms

Basis for the ideal Il

Our suggestion for defining an ideal /
o vp(l)={X:f(X)=0, forall f €I}
e {rank one, Frobenius norm one tensors} = {X: X € vg (/)}

B2_{f1“k”k ~Xig X+ XyiXonoo | < 1J < J.k < ki

ijk>

“k,.v.\i%
£y = — XXy + XXy k,l<l_/<j,k<k
"kﬂi; ~ L N
f3u jk _ _X'JkX/Jk X:Jquk” <hLj<J,k< k,
g =D Xp — 1, FIFUE AR K g e RIX] |

iJ,k
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Tensor theta norms

| X e RZ2<2 | x|, x@H, X B IX s,

1(1)88(1) 2 2 2 2
I R
I I
13| I
5 (1)(1)8(1) V241 V241 V241 3

Table: Tensors X € R2*2*2 are represented as X = [X (:,:,1) | X (:,:,2)].

X (i1, o, i3) = XM (i, (i2, i3)) = X (i, (i1, 13)) = X3 (i3, (i, i)
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Numerical results

Recovery of order-3 tensors

X* = argminz.oz)=0(x) [|Zlo,

¢ RMmXmXns _y RM Gaussian, X € RM*Mmxn3

Tensor X is recovered if |(X — X*) (i,j, k)| < 107°, V i, j, k.
Fixed dim, rank and m: 200 trials

Mpmax maximal m s.t. recovery: 0/200

Mmin minimal m s.t. recovery: 200/200
| rank | mMmax | mmin | deg. of freedom

2x2x3 1 4 12 12
3x3x3 1 7 21 27
3x4x5 1 10 31 60
4x4x4 1 12 34 64
4x5x%x6 1 18 42 120
5x5x5 1 18 43 125
3x4x5 2 38 47 60
4x4x4 2 31 51 64
4x5x6 2 41 85 120
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Numerical results

X € R2X2X2X2 [ g, 2 X B, X 0[] Xy o 1XIlu6y

X, 1) = Looo 2

1 g 8‘1) 8. 1+v6,2+ 3 V2++5 V2+5 5, 4.2361
X(:,51,2) = 1 olo 0
X< [2 90 2

) g (1)8 g. 1+v6,vV2+v5,24+V3, V245 5, 4.2361
XGus2) =11 glo o
XG, 1=t 9]0 1]

3 Ol EO 24+V3,VZ+VE, 1+ V6, VZ+E 5, 4.2361
XG:n52)= 13 glo o
X = [2 90 1]

. g (1)(1) g_ V3+VE, V246, V2+ V6, V3+ VB 6, 4.6503
X, :2) = > olo o
(o= |2 90 2]

5 O B V246, V34 V5 VE+VE, VI 6, 4.6503
XGou2 =11 olo o
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Numerical results
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Thanks for your attention!
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